The momentum transfer dependence of double excitations of helium were studied theoretically in order to compare with our previous experimental work [ Phys. Rev. Lett. 91, 193203 (2003)]. The calculation was carried out by a series of modified R-matrix codes. We elucidate the dynamical correlations in terms of the internal correlation quantum numbers K, T, and A. The generalized oscillator strength densities and Fano profile parameters q, f a , f, and S of doubly excited states n ͑1,0͒ 2 + 1 S e , n ͑1,0͒ 2 + 1 D e , and n ͑0,1͒ 2 + 1 P o were reported as functions of the momentum transfer squared K 2 . The present theoretical work accompanied by our previous experiment leads to a deep understanding of the optically allowed and optically forbidden double excitations of helium.
I. INTRODUCTION
The electron correlation effect plays a fundamental role in atomic and molecular physics. Helium is the simplest system to use to study the electron correlation effect. Since the pioneer experimental work of Madden and Codling [1] and the corresponding theoretical investigations of Fano and coworkers [2, 3] , the doubly excited states of helium, which were reviewed by Tanner et al. [4] , have been studied continuously.
The doubly excited states lie above the first ionization threshold. In the early days, evidence of such discrete states was obtained by optical [5] and electron impact [6] experiments. The two Rydberg series of double excitations of helium-i.e., ͑sp ,2n + ͒ 1 P o and ͑sp ,2n − ͒ 1 P o -were revealed by Madden and Codling using the photoabsorption method [1] . According to the following theoretical works [7] [8] [9] , there should be three 1 P o series-͑sp ,2n + ͒, ͑sp ,2n − ͒, and 2pnd, namely-excited from the ground state 1 S e below the N = 2 threshold of He + . So the 2pnd series was missing in Madden and Codling's measurement [1] . Thereafter, many of experimental studies [10] [11] [12] [13] [14] [15] [16] were carried out on the double excitations of helium until the first observation of the missing Rydberg series by Domke et al. [17] . With the development of the synchrotron radiation technique, more sophisticated photoionization experiments were performed to acquire the higher Rydberg series above the N = 2 threshold of He + [18] [19] [20] , decay paths of two-electron excitations [21] [22] [23] [24] [25] , photoelectron angular distributions [26] , threshold energies [27] , interseries interferences [28] , dipolequadrupole interference [29] , and so on.
Besides the above optical experiments (mostly by the synchrotron radiation method), there were also many of investigations of doubly excited states of helium by the chargedparticle impact method. Unlike the optical method, it is possible to observe both optically allowed and optically forbidden transitions to reveal the full richness of the spectrum. Among these studies, most of them were carried out by electron impact [6, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] and proton impact [36, [42] [43] [44] [45] [46] [47] [48] [49] [50] , some by other positive ion impacts [32, 36, 51, 52] . Among them, the technique of ejected electron spectroscopy was normally used [31, [33] [34] [35] [36] 38, 44, 46, [49] [50] [51] [52] ; relatively few experiments used energy loss spectroscopy [30, 32, 37, 39, 41, 45] . With the proton impact method, there were a few investigations of the angular-dependent behavior of the profile in the ejected electron spectra of doubly excited states [42] [43] [44] [45] [46] [47] [48] . For the fastelectron impact and electron-energy loss experiments, as early as in 1963, Silverman and Lassettre observed double excitation ͑2s2p͒
1 P and made some discussions of its strength depending on the momentum transfers from 0 to 1.0 a.u. [6] . Later, Wellenstein and collaborators [32] measured the Bethe surface for helium using 25-keV incident electrons with the scattering angles from 0°to 10°. Although the low-energy resolution [2 eV full width at half maximum (FWHM)] precluded them from ruling out contributions from the optically forbidden transitions, they alluded to the possible interest and significance in the momentumtransfer dependence of the Fano parameters. Using 2.5 keV incident energy with a resolution of 0.7 eV FWHM, Fan and Leung [41] measured the generalized oscillator strength density (GOSD) and deconvolved the Fano parameters of the ͑1s 2 ͒ 1 S e → ͑2s2p͒ 1 P o resonance. Compared with our previous electron impact work by 2.5 keV incident energy and 80 meV FWHM resolution [53] , although Fan and Leung's result is not accurate, it was the first attempt to give the *Electronic address: yuanzs@ustc.edu.cn momentum-transfer-dependent behavior of the Fano parameters of the ͑2s2p͒ 1 P o resonance quantitatively. Besides the experimental investigations, many of theoretical works were carried out to interpret, predict, and deeply understand the experimental results. The interference between the close channels and open channels around the autoionization region was illustrated theoretically by Fano and Cooper [3] , Shore [54] , and Mies [55] in the 1960s. In Burke and McVicar's calculation [7] in 1965, resonance states other than the normally known plus-minus series appeared. Sequently, atomic theoreticians developed various methods to deal with doubly excited states of helium, including configuration-interaction (CI) methods [56] [57] [58] [59] [60] , hyperspherical coordinate methods [9, [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] , close-coupling approximations [7, 75, 76] , R-matrix methods [77] [78] [79] [80] [81] [82] [83] [84] , complex coordinate method [85] [86] [87] [88] [89] [90] , saddle-point technique [91] [92] [93] [94] [95] , Feshbach projection formalism [8, [96] [97] [98] [99] [100] , and others [101] [102] [103] [104] [105] [106] .
In the above methods, most of them presented the resonant energy positions, the resonant widths, and photoabsorption cross sections of these resonances, but a few reported the momentum-transfer-dependent behavior of related parameters in the collision of charged particles with helium, such as the generalized oscillator strength (GOS), whose properties play the central role in the theory of collisions of fast charged particles with atoms and molecules. The GOS with atomic units is written as [107] 
͑1͒
For the case of fast electron impact, E is the excitation energy, p 0 and p a are the momenta of the incident electron and scattered electron, respectively, K 2 is the momentum transfer squared, 0 and f are the N-electron wave functions of the initial (ground) and final states, respectively, and r ជ j is the position vector of the jth atomic electron. The above equation also gives the relationship between the GOS and differential cross section [(DCS), d͑K , E͒ /d⍀].
In Eq. (1), f is a discrete state. When the discrete state locates above the first ionization threshold, Fano [3] worked out the configuration interaction theory for discretecontinuum interaction. In Fano's theory, the photoabsorption cross section ͑͒ [or the optical oscillator strength density (OOSD)] around the resonance is described by
where = ͑E − E r ͒ / ͑⌫ /2͒ indicates the departure of the incident photon energy E from an idealized resonance energy E r which pertains to a discrete autoionizing level of the atom with a linewidth ⌫. Here a and b represent two portions of the cross section corresponding, respectively, to transitions to states of the continuum that do and do not interact with the discrete autoionizing state. Finally q is a numerical index which characterizes the line profile.
Fano's theory can be applied in the case of nonoptical excitation although only the optical transition operator was considered in Ref. [3] . Following Eq. (2), the GOSD near the resonances is written as df dE
where f ai represents the relevant continuums involving interference with the ith resonance, f c ͑E͒ is the total continuum GOSD, which includes both parts that interfere and do not interfere with resonances, ⌬ i is the phase parameter due to configuration interaction
, and q i have the same meanings as those in Eq. (2), respectively. In Fano's theory [3] , the parameter q i can be described as
where ⌽ i is the ith "modified" discrete state, E is the unperturbed continuum state, ⌽ 0 is the initial state, T is the transition operator, and V E is the discrete-continuum interaction matrix element. So q i represents the ratio of transition amplitude to the "modified" discrete state ⌽ i and to the unperturbed continuum states E . For the optical excitation, T is the dipole transition operator ͚ j r ជ j , while for the present investigation of the GOSD, it is the multipole transition operator ͚ j e iK ជ ·r ជ j instead. The ratio parameter 2 is defined as
For a specific resonance, the integrated GOS f i of the "modified" embedded discrete state is expressed as [3] 
since f ai varies very slowly with E. Note that, for a windowtype resonance, f i always is 0 because q i = 0, in spite of degree of the interference between the discrete state and continuum. In order to represent the relevant strength involving interference between the embedded discrete state and the relevant continuum as a whole, an integrated resonance strength S i was introduced as
In our previous work [53] , using the fast-electron energy loss spectrometer (EELS), we measured the GOSD's for the doubly excited states of helium below the N = 2 threshold of He + and obtained the parameters q i and f ai in Eq. (3). Both parameters show a dependence on momentum transfer, which indicates the dynamical electron correlation effect for the two excited electrons. And the parameters i 2 , f i , and S i were also calculated according to Eqs. (5)- (7) . Theoretically, in the present work, by introducing the multipole transition elements into the previous R-matrix code [80, [108] [109] [110] [111] [112] , the GOSD's in the same energy region were calculated by R-matrix theory, and subsequently the corresponding parameters q i and f ai were deconvolved from the calculated GOSD's. Through a comparison between the experimental and theoretical results, we found that the resonance structures-i.e., q i parameters-agreed well, but differences still existed for the absolute GOSD's, especially for the case with higher momentum transfer. In the following sections, R-matrix theory will be introduced briefly in Sec. II; then, the results and discussions will be presented in Sec. III. Finally some conclusions and outlooks based on the above investigations will be included in Sec. IV.
II. R-MATRIX THEORY
One can refer to previous publications [80, [108] [109] [110] [111] [112] [113] for a detailed description of R-matrix theory. Here we just give a brief introduction to R-matrix theory and the present implantation of the multipole transition matrix element to the previous codes (also see Ref. [113] ). An atomic system can be considered as a scattering system of one electron with an N-electron ionic core:
The ͑N +1͒-electron scattering system is divided into two regions according to the position of the scattered electroni.e., an internal region and an external region-by a sphere of radius a centered on the target nucleus. In the internal region r ഛ a, where r is the relative coordinate of the scattered electron and the target nucleus, electron exchange and correlation between the scattered electron and the N-electron target are important and the ͑N +1͒-electron collision complex behaves in a similar way to a bound state. Consequently a CI expansion of this complex, analogous to that used in boundstate calculations, is adopted. In the external region r Ͼ a, electron exchange between the scattered electron and the target can be neglected if the radius a is chosen large enough so that the charge distribution of the target is contained within the sphere. The scattered electron then moves in the longrange multipole potential of the target. This potential is local and the solution can be obtained by an asymptotic expansion using perturbation theory. The two regions are linked by the R matrix on the boundary.
In the inner region r ഛ a, the wave function can be written as
where k is the energy-independent basis states expanded in the form
where A is the antisymmetrization operator which accounts for electron exchange between the target electrons and the free electron (with the continuum orbitals u ij ) and ⌽ i are the channel functions, which are obtained by coupling the target states ⌽ i with the angular and spin functions of the scattered electron to form states of the total angular momentum and parity. The quadratically integrable ͑L 2 ͒ functions j , which vanish at the surface of the internal region, are formed from the bound orbitals and are included to ensure completeness of the total wave function. In the external region, the colliding electron is outside the atom and can be considered distinct from the N target electrons. The total wave function is expanded in the form
where ⌽ i are the same set of channel functions used in Eq. (10), but now no antisymmetrization is required, and F i ͑r͒ is the wave function of the ͑N +1͒th electron. Using the nonrelativistic R-matrix wave functions, we can write the GOS (or GOSD) in the frame of the first Born approximation [107] as (all variations in atomic unit):
͑12͒
The multipole transition operator can be expressed as
Considering the summation of the final states (the same energy level with different magnetic quantum numbers) and average of the initial states, the GOS (or GOSD, if the final state is a continuum state) can be written as ϫ ͯͳ
͑14͒
In the previous fast-electron ͑2.5 keV͒ EELS experiment [53] , only the electric monopole, dipole, and quadrupole transitions were observed. Theoretically, the magnetic and higher-order electric transitions can be neglected because of the rapid decrease of the transition magnitudes according to the transition order [114] . So the above three types of electric transitions (i.e., the transitions from the ground state to 1 S e , 1 P o , and 1 D e ) were included in the present R-matrix study. As investigated in our previous calculation [80] , the target set with polarized orbitals (1s, 2s, 2p, 3s, 3p, 3d, 4s, 4p, 4d ) is adopted in the present work. The first ionization threshold 24.58741 eV was obtained from the NIST online database [115] .
The calculated GOSD's are shown in Fig. 1 . It can be seen that the features observed in the EELS experiment can be reproduced by the R-matrix calculation. The assignments were adopted from the classification in Ref. [9] . In this classification, a doubly excited state 2S+1 L with one inner electron (principal quantum number N) and one outer electron (principal quantum number n) can be represented as
, where K, T, and A are new internal quantum numbers to describe the correlation between the two excited electrons [9] . A numerical deconvolution procedure [116] based on a least-squares fitting was used to obtain each resonance and the relevant parameters f ai and q i in Eq. (3) for further comparison with the previous experimental result.
III. RESULTS AND DISCUSSIONS

A. Calculated spectra by R-matrix theory
The calculated GOSD's of the three transition series-i.e., monopole 1 variation of the resonance 2 ͑−1,0͒ 2 + 1 S e with K 2 is slower than that of 2 ͑1,0͒ 2 + 1 S e , which agrees with the observed spectra [53] . However, at small K 2 , the measured strength of the resonance 2 ͑−1,0͒ 2 + 1 S e is much larger than the calculated result (see Fig. 2 in Ref. [53] ). To the best of our knowledge, the dipole-forbidden transition generally has a unremarkable strength relating to the dipole-allowed transition with K 2 as small as 0.03 a.u. (the momentum transfer squared at 0°scat-tering angle). Therefore, we suspect that for this transition the first Born approximation (FBA) may not be reached. If this suspicion is true, why is it so hard for this transition to reach the FBA?
For the 1 P o series in Fig. 3 , there are three Rydberg series-i.e., n ͑0,1͒ 2 + 1 P o ͑n =2,3,4, ...͒, n ͑1,0͒ 2 − 1 P o ͑n =3,4,5, ...͒, and n ͑−1,0͒ 2 0 1 P o ͑n =3,4,5, ...͒. It can be seen that the resonances in the first series are much wider than those in the other two series, which was discussed in Ref. [80] . For the two ultranarrow series, the selection of basis sets and the consideration of long-range potentials result in different resonant structures in R-matrix calculations [80] , which is beyond the present discussion. The strength of the resonance 2 ͑0,1͒ In Fig. 1 , we present the calculated GOSD's accompanied by the experimental results. The original calculated spectra ( 1 S e , 1 P o , and 1 D e ) were convoluted by a Gaussian instrument function (with 80 meV FWHM) and then summed up to construct the total spectra. The calculated and measured resonant structures agree well with each other and have a similar K 2 dependence on the momentum transfer K 2 . The agreement between the measured and calculated absolute values of the GOSD's is good at small scattering angles, but becomes worse with an increase of scattering angle. The differences may come from the fact that the previous incident energy 2.5 keV is not high enough for this excitation energy region (about 60 eV) to reach the FBA, while the present calculation is based on the FBA. It is indeed valuable work to conduct further investigations of these properties from both experimental and theoretical aspects. 
B. Momentum-transfer-dependent behavior of the Fano parameters
In order to give a quantitative description of the momentum-transfer dependence of the Fano parameters in Eq. (3), each resonance was deconvolved from the GOSD's at each K 2 by a least-squares fitting program [116] . In the following sections, we will discuss these parameters.
Electric monopole transition
The fitted Fano parameters of the 2 ͑1,0͒ 2 + 1 S e resonance are shown in Fig. 5 . It can be seen that the theoretical q factors at each K 2 agree with the experimental results within the experimental uncertainties. It is a resonance with constructive interference in the low-energy wing and destructive interference in the high-energy wing since the sign of q is negative for all K 2 . The ͉q͉ decreases smoothly from 2.0 to 1.2 in the K 2 range 0 → 2.01 a.u. It indicates that the transition amplitude into the "modified" discrete state becomes larger with K 2 than that into the relevant continuum. The f, S, and f a of 2 ͑1,0͒ 2 + 1 S e increase with K 2 (both experimentally and theoretically), showing the typical behaviors of dipole-forbidden transitions. But for these parameters, the theoretical results vary faster with K 2 than the experimental ones, and the difference between them becomes larger with K 2 -e.g., the theoretical f a at K 2 = 2.01 is 2 times that obtained from the experimental spectrum.
The three parameters-i.e., interfering continuum f a , integrated GOS f, and resonance strength S-have a similar variation with K 2 . Concerning the magnitudes, we can see that f is close to S. This indicates that when ͉q͉ is large, f is comparable to S (i.e., q 2 ϳ 1+q 2 ). So all three parameters can properly describe the momentum-dependent behavior of the resonance 2 ͑1,0͒ 2 + 1 S e . In Fig. 6 , the parameters f, f a , q, and S of 2 ͑1,0͒ 2 + 1 S e as a function of K 2 in a wider momentum-transfer range are given. For the four parameters, after a rise below K 2 = 5 a.u., they descend in a long range of K 2 =5→ 50 a.u.. The parameters q and f a of n ͑1,0͒ 2 + 1 S e ͑n =2,3͒, which belong to the same Rydberg series, are shown in Fig. 7 Fig. 8 . Also, the theoretical and experimental q factors agree well with each other at each K 2 . As K 2 increases, the GOS f and the resonance strength S decrease, showing the typical behaviors of dipole-allowed transitions. The ͉q͉ decreases slowly with K 2 . It indicates that the transition amplitude into the "modified" discrete state decreases more quickly than that into the relevant continuum. Like the case in the electric monopole transition 2 ͑1,0͒ 2 + 1 S e , the parameters f, f a , and S obtained from the R-matrix calculation are larger than those obtained from the EELS experiment. Especially for the f a , the theoretical result rises up below K 2 = 1.4 a.u. and the experimental one descends in the same K 2 region. In Fig. 9 , the parameters f, f a , q, and S of 2 ͑0,1͒ 2 + 1 P o as a function of K 2 in a wider momentum-transfer range are given. The parameters f and S descend monotonically in the whole momentum-transfer range, while the parameters f a and q rise up at low momentum transfer and then descend with K 2 . At large K 2 , the q parameter reaches −5. As shown in Fig. 10 , for the Rydberg series n ͑0,1͒ 2 + 1 P o ͑n =2-6͒, the resonance profiles exhibit similar behaviors as the K 2 increases.
Electric quadrupole transition
The fitted Fano parameters of the 2 ͑1,0͒ 2 + 1 D e resonance are displayed in Fig. 11 . There are large discrepancies between the theoretical and experimental parameters except for the integrated GOS f although their variation tendencies are similar. Remembering the similar cases in Figs. 5 and 8, we suspect that this may come from the reasons as discussed in Sec. III A: i.e., the experimental incident energy 2.5 keV is not high enough for this excitation energy region (about 60 eV) to reach the FBA. This weak resonance, which overlaps strongly with 2 ͑1,0͒ 2 + 1 P o , may be affected by this strong resonance.
The agreement between the observed and calculated integrated resonances f is satisfied. However, it should be noted that f depends directly on q and f a . Then, the cooperation of the two parameters makes this agreement even when discrepancies exist between measured and calculated q and f a . The magnitude of calculated S is 10 times larger than that of calculated f and is more appropriate to describe the strength of the resonance. In Fig. 12, the parameters f, f a , q, and S of 2 ͑1,0͒ 2 + 1 S e as a function of K 2 in a wider momentum-transfer range are given. The parameters f a and S have a maximum at K 2 ϳ 2.5 a.u., and f has a maximum at K 2 ϳ 5 a.u. The q factor descends in the whole momentum transfer range.
The parameters q and f a of n ͑1,0͒ 2 + 1 D e ͑n =2,3,4͒, are shown in Fig. 13 . We can see that the three Rydberg states have the similar momentum-transfer-dependent behavior. It is interesting that the q factors of resonance n ͑1,0͒ 2 + 1 D e ͑n =3,4͒ go from positive, across zero, to negative. This indicates that the resonance profiles transform from destructive interference in the low-energy wing and constructive interference in the high-energy wing to constructive interference in the low-energy wing and destructive interference in the high-energy wing.
IV. CONCLUSIONS
From the above R-matrix study, we obtained the GOS's and Fano profile parameters q, f a , 2 , f, and S of the doubly excited states n ͑1,0͒ 2 + 1 S e , n ͑1,0͒ 2 + 1 D e , and n ͑0,1͒ 2 + 1 P o as functions of the momentum transfer squared, K 2 . It is an advancement in the investigation of helium double excitations. Through these parameters, the dynamical correlations between the two highly excited electrons can be elucidated. The present calculated q factors agree well with the observed result [53] at each K 2 , but discrepancies still exist for the parameters f a , f, and S between the calculated and observed results although they have similar variation tendencies with K 2 . We suspect that the previous incident energy 2.5 keV may be not high enough to reach the FBA in this excitation energy region. This is an open question for further experimental and theoretical investigations.
